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We study the universal critical behavior of two-dimensional (2D) lattice bosonic gases at the
Berezinskii-Kosterlitz-Thouless (BKT) transition, which separates the low-temperature superfluid
phase from the high-temperature normal phase. For this purpose, we perform quantumMonte Carlo
simulations of the hard-core Bose-Hubbard (BH) model at zero chemical potential. We determine
the critical temperature by using a matching method that relates finite-size data for the BH model
with corresponding data computed in the classical XY model. In this approach, the neglected scaling
corrections decay as inverse powers of the lattice size L, and not as powers of 1/ lnL, as in more
standard approaches, making the estimate of the critical temperature much more reliable. Then, we
consider the BH model in the presence of a trapping harmonic potential, and verify the universality
of the trap-size dependence at the BKT critical point. This issue is relevant for experiments with
quasi-2D trapped cold atoms.
PACS numbers: 05.70.Jk, 67.25.dj, 74.78.-w, 67.85.-d
I. INTRODUCTION
Finite-temperature transitions in two-dimensional
(2D) systems with a global U(1) symmetry belong to
the so-called 2D XY universality class, and are described
by the Berezinskii-Kosterlitz-Thouless (BKT) theory.1–4
The low-temperature phase is characterized by quasi-long
range order (QLRO): Correlations decay algebraically at
large distances, without the emergence of a nonvanish-
ing order parameter.5,6 If the temperature T is above
the BKT transition point Tc, these systems show in-
stead a standard disordered phase, with an exponential
increase of the correlation length ξ associated with the
critical modes as T approaches Tc: ξ ∼ exp(c/
√
τ ), where
τ ≡ T/Tc − 1.
Experimental evidences of BKT transitions have been
reported for thin films of liquid helium,7,8 supercon-
ducting Josephson-junction arrays,9 quasi-2D trapped
atomic gases,10–16 including atomic systems constrained
in quasi-2D optical lattices.17 Bosonic-atom systems in
optical lattices are effectively described18 by the Bose-
Hubbard (BH) model19
HBH = −J
2
∑
〈xy〉
(b†xby + b
†
ybx) (1)
+
U
2
∑
x
nx(nx − 1)− µ
∑
x
nx,
where bx is a bosonic operator, nx ≡ b†xbx is the particle
density operator, and the sums run over the bonds 〈xy〉
and the sites x of a square lattice. The phase diagram
of the 2D BH model presents finite-temperature BKT
transition lines separating the normal phase from the su-
perfluid QLRO phase. In the hard-core limit U → ∞,
the BH model can be exactly mapped onto the so-called
µ=0 µ=2µ=−2
Mottvacuum
µ T=0
superfluid
QLRO
T
normal
FIG. 1: (Color online) Sketch of the phase diagram of the
2D hard-core BH model or equivalently of the 2D XX spin
model. The finite-temperature BKT transition line separates
the normal and superfluid QLRO phases. It is symmetric with
respect to µ→ −µ, and connects two T = 0 quantum critical
points at µ = ±2. The T = 0 quantum transition at µ = −2
separates the vacuum state and the superfluid phase, while
the one at µ = 2 separates the superfluid phase from a n = 1
Mott phase.
XX spin model:20
HXX = −J
∑
〈xy〉
(
S1xS
1
y + S
2
xS
2
y
)
+ µ
∑
x
S3x, (2)
where Sax = σ
a
x/2 and σ
a are the Pauli matrices. A sketch
of the phase diagram in the hard-core limit is shown in
Fig. 1.
The BKT transition is characterized by logarithmic
corrections to the asymptotic behavior, due to the pres-
ence of marginal renormalization-group (RG) perturba-
tions at the BKT fixed point.21–26 This makes the nu-
merical or experimental determination of the critical pa-
rameters quite difficult. Indeed, logarithmic corrections
cannot be easily detected, and therefore taken into ac-
count, by comparing data in the relative small range of
parameters close to criticality, which are available from
experiments or numerical simulations. Therefore, the ex-
2trapolations of the numerical and experimental results,
which must be performed to determine the universal crit-
ical behavior, are often not fully reliable and subject to
systematic errors which are quite difficult to estimate.
In this paper we report a numerical investigation of the
universal behavior of the 2D hard-core BH model at the
BKT transition and in the superfluid QLRO phase. For
this purpose, we perform quantum Monte Carlo (QMC)
simulations at zero chemical potential on square lattices
L2, up to L = 256, with periodic boundary conditions.
We verify the spin-wave predictions for the behavior in
the QLRO phase. Then we present an accurate de-
termination of the BKT transition temperature, using
a matching method, which generalizes the approach of
Hasenbusch, Marcu, and Pinn.22,23,25,27–29 The critical
temperature is obtained by matching the finite-size scal-
ing (FSS) behavior of RG invariant quantities computed
in the BH model with the FSS behavior of the same quan-
tities computed in the classical 2D XY model,
HXY = −J
∑
〈xy〉
Re ψ¯xψy, ψx ∈ U(1), (3)
for which the critical temperature is known with high
accuracy:23,25,30 βXY ≡ 1/TXY = 1.1199(1) setting J = 1
(see, however, Ref. 31 for a different estimate). In this
method the neglected scaling corrections are of order
L−ǫ, ǫ & 2 for our choices of variables. This is a crucial
improvement with respect to more standard approaches,
in which the neglected corrections decay as powers of
1/ lnL.
Experiments with cold atoms17,32 are usually per-
formed in the presence of a trapping potential, which can
be taken into account by adding a corresponding term in
the Hamiltonian of the BH model,
HtBH = HBH +
∑
x
V (rx)nx, (4)
V (r) = uprp, (5)
where r is the distance from the center of the trap, and
p is a positive even exponent. The trap size is defined by
ℓt ≡ J1/p/u. (6)
The trapping potential is effectively harmonic in most ex-
periments, i.e. p = 2. The BKT critical behavior is sig-
nificantly modified by the presence of the trap.33,34 An
accurate experimental determination of the critical pa-
rameters, such as the critical temperature, critical expo-
nents, etc..., in trapped-particle systems requires a quan-
titative analysis of the trap effects.
The inhomogeneity due to the trapping potential dras-
tically changes, even qualitatively, the general features of
the critical behavior. For example, the correlation func-
tions of the critical modes do not develop a diverging
length scale in a trap. Nevertheless, when the trap size
ℓt becomes large, the system develops a critical scaling
behavior, which can be described in the framework of
the trap-size scaling (TSS) theory.35,36 TSS has some
analogies with the standard FSS for homogeneous sys-
tems with two main differences. First, the system is in-
homogeneous, due to the space-dependence of the exter-
nal field. Second, at the critical point, the critical cor-
relation length ξt is not simply proportional to the trap
size ℓt generally, but satisfies a nontrivial scaling relation
ξt ∼ ℓθt , where θ is the trap exponent. The analysis of
the RG flow at a BKT transition26 shows that the TSS
of the 2D BH model (4) is characterized by the trap ex-
ponent θ = 1, with additional multiplicative logarithms:
for example, at the BKT critical point ξt ∼ ℓt(ln ℓt)−κ,
where the exponent κ depends on the general features of
the trap.
In this paper we also present a numerical QMC study
of the 2D hard-core BH model in the presence of a har-
monic potential. We compare the QMC data with the
theoretical predictions obtained from the analysis of the
BKT RG flow in the presence of a trap. We argue, and
provide numerical evidence, that the critical trap-size de-
pendence for µ ≤ 0 shares universal features with the
inhomogeneous 2D classical XY model26,37
HU = −J
∑
〈xy〉
Re ψ¯xUxyψy, (7)
Uxy = [1 +W (rxy)]
−1, W (r) = uqrq, (8)
where q is an even positive integer, rxy is the distance
from the origin of the midpoint of the lattice link con-
necting the nearest-neighbor sites x and y. This U(1)-
symmetric model may be considered as a classical XY
model with an effective space-dependent temperature
Teff(T,x) = T [1 +W (r)] ≥ T. (9)
A length scale analogous to the trap size can be defined
as ℓt ∼ 1/u. We will show that the correspondence p = q
holds for µ < 0, while p = 2q at half filling µ = 0.
The paper is organized as follows. In Sec. II we present
a FSS analysis of QMC data of the 2D hard-core BH
model along the µ = 0 line of the phase diagram pre-
sented in Fig. 1. We show how the critical temperature
can be accurately determined by a matching method,
that relates the finite-size behavior of dimensionless RG
invariant quantities in the BH model with that of the
same quantities in the classical XY model. In this ap-
proach the neglected scaling corrections decay as inverse
powers of the lattice size, making the method much more
robust and accurate with respect to standard approaches,
affected by logarithmic corrections. Method and results
are presented in detail, to provide a thorough account
of the accuracy and the reliability of the estimate of the
critical temperature we obtain. In Sec. III we investigate
the universal critical behavior of the BH model in the
presence of a trapping potential. Finally, in Sec. IV we
summarize our main results and draw our conclusions.
Technical details are reported in the appendices.
3II. FINITE-SIZE SCALING OF THE 2D BH
MODEL
We consider the U → ∞ hard-core limit of the BH
model at zero chemical potential µ = 0, and study the
critical behavior at the BKT transition and in the low-
temperature QLRO phase. In the hard-core limit, the
µ = 0 line corresponds to half filling, i.e.,
ρ = 〈nx〉 = 〈b†xbx〉 = 1/2 (10)
for any T . In the XX model (2), this condition corre-
sponds to 〈S3x〉 = 0, a result which can be inferred by us-
ing the Z2-symmetry of the Hamiltonian in the absence
of an external magnetic field.
We consider homogeneous L × L square systems with
periodic boundary conditions. We present a finite-size
scaling (FSS) analysis of QMC data up to L = 256. The
QMC simulations are performed using the stochastic se-
ries expansion algorithm with the directed operator-loop
technique.38–41
A. Observables
We compute the one-particle correlation function
G(x,y) ≡ 〈b†xby〉. (11)
Due to translation invariance, it only depends on the
difference of the arguments, i.e., G(x,y) ≡ G(x−y). We
consider the susceptibility
χ =
∑
x
G(x), (12)
which is the zero-momentum component of the Fourier
transform G˜(k) =
∑
x e
ik·xG(x). The second-moment
correlation length ξ is conveniently defined by
ξ2 ≡ 1
4 sin2(pmin/2)
G˜(0)− G˜(p)
G˜(p)
, (13)
where p = (pmin, 0), pmin ≡ 2π/L.
In the studies of critical phenomena, dimensionless RG
invariant quantities R are particularly useful to deter-
mine the critical parameters. Beside the ratio
X ≡ ξ/L, (14)
we consider the so-called helicity modulus42,43 Υ, which
is related to the spin stiffness in spin models,44 and to the
superfluid density in particle systems.45,46 In QMC sim-
ulations using the stochastic series expansion algorithm,
Υ is obtained from the linear winding number wi along
the ith direction,44
Υ = 〈w2i 〉, wi =
N+i −N−i
L
, (15)
whereN+i andN
−
i are the number of non-diagonal opera-
tors which move the particles in the positive and negative
ith direction, respectively.
B. RG analysis of the universal FSS
The analysis of the RG flow at the BKT transition21–26
allows us to express any RG invariant quantity R in
terms of two (universally defined) nonlinear scaling fields
v(L/Λ, Q) and Q, see Ref. 26 and Appendix A. The
nonuniversal details that characterize the model are en-
coded in the model-dependent scale Λ and in the tem-
perature dependence of Q,
Q = α1(T − Tc) + α2(T − Tc)2 + . . . (16)
where α1, α2, . . . depend on the model. In terms of these
two quantities we can write the scaling expressions
R(L, T ) = R[v(L/Λ, Q), Q], (17)
where R(x, y) depends on the shape of the system (e.g.
the aspect ratio of the lattice) and on the boundary con-
ditions, but is independent of the microscopic details, i.e.
it is universal. At the critical point Tc, we have Q = 0
and
R(L, Tc) = R[v(L/Λ, 0), 0] = Rc(L/Λ). (18)
Eq. (18) can be used to obtain a matching relation that
will be the basis of our numerical method to estimate the
critical temperature. Consider two different models with
critical temperatures Tc1 and Tc2, respectively, and let
R(1)(L, T ) and R(2)(L, T ) be the estimates of the RG
invariant quantity R in the two models. Using Eq. (18)
we can write
R(1)(L, Tc1) = Rc(L/Λ1), R(2)(L, Tc2) = Rc(L/Λ2),
(19)
with two different nonuniversal constants Λ1 and Λ2. If
we now define λ = Λ1/Λ2, we obtain
R(1)(λL, Tc1) = R
(2)(L, Tc2), (20)
which simply states that the size dependence of R at
the critical point is the same in the two models, as long
as one considers values of L that differ by a factor λ.
Analogous relations hold for the temperature derivatives
of R computed at the critical point. For instance, by
using Eqs. (17) and (16) we can write
S(L) ≡ ∂R
∂T
∣∣∣∣
Tc
= α1Sc(L/Λ), (21)
where Sc(L/Λ) is universal, all model dependence being
included in the length scale Λ and in the constant α1.
This expression implies the matching condition
S(1)(λL) = kS(2)(L), (22)
where k = α
(1)
1 /α
(2)
1 is the ratio of the nonuniversal con-
stants α1 in the two models.
It is important to stress that relation (17), and there-
fore also Eqs. (20) and (22), are obtained by considering
4only the marginal operators that characterize the BKT
transitions. There are several sources of corrections to
these relations. First, one should consider the sublead-
ing irrelevant operators, which give rise to scaling cor-
rections that decay as inverse powers of L. According
to the standard spin-wave theory, the most relevant one
has RG dimension −2, hence it gives rise to corrections
of order 1/L2 (an additional logarithmic factor lnp L can
also be present, due to possible resonances between the
subleading and the marginal operators). For the helic-
ity modulus this is the only source of scaling corrections,
hence
Υ(L, Tc) = Yc(L/Λ) +O(L−2), (23)
Υ(1)(λL, Tc1) = Υ
(2)(L, Tc2) +O(L
−2). (24)
On the other hand, χ and ξ, and therefore X = ξ/L,
get also contributions from the analytic background at
the transition,47 which gives rise to corrections of order
1/L2−η = L−7/4. Therefore, in the case of X we expect
X(L, Tc) = Xc(L/Λ) +O(L−7/4). (25)
C. Spin-wave behavior
The spin-wave theory describes the critical behavior of
the model along the line of fixed points that runs from
T = 0 up to the BKT point Tc. Conformal field the-
ory (CFT) exactly provides the large-L limit of the one-
particle function in the spin-wave model, hence it allows
one to compute the large-L limit of X and Υ and the
exponent η as a function of the spin-wave coupling, see
App. B and Ref. 25 for details. These relations depend
on the nonuniversal spin-wave coupling, hence the results
cannot be compared directly with those obtained in other
models that have the same line of fixed points. Universal
relations can be obtained by eliminating the spin-wave
coupling,25 i.e., by expressing X and Υ in terms of η,
or X in terms of Υ. These relations do not depend on
the model, but, as usual for FSS properties, they depend
on the aspect ratio of the system and on the boundary
conditions.
In Fig. 2 we show the curves obtained in the spin-
wave theory for a square lattice with periodic boundary
conditions,25 and compare them with the large-L extrap-
olations of the QMC results at T = 0.1, 0.2, 0.3 (in units
of J), which all belong to the QLRO phase. They are
obtained by fitting the available QMC estimates of χ, X ,
and Υ for several values of L up to L = 128 to
lnχ(L) = a+ (2− η) lnL+ bL−ε, (26)
X(L) = X + aL−ε, (27)
Υ(L) = Υ + aL−ζ, (28)
respectively, where ε and ζ are the exponents associated
with the expected leading corrections:26,48
ε = Min[2− η, ω], ζ = Min[2, ω], (29)
ω = 1/η − 4 + O[(1/η − 4)2]. (30)
1 2 3
Y
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FIG. 2: (Color online) Universal relations among the helicity
modulus Υ, the ratio X ≡ ξ/L, and the exponent η for a
square system with periodic boundary conditions in the low-
temperature QLRO phase. We report QMC data for the 2D
hard-core BH model at T = 0.1, 0.2, 0.3 up to L = 128, and
the spin-wave predictions. Top panel: numerical estimates of
X versus Υ, corresponding large-L extrapolations, and spin-
wave prediction. Bottom panel: large-L extrapolations of the
numerical results and spin-wave curves X(η), Υ(η) versus η.
We obtain η = 0.060(1), 0.119(1), 0.187(2) for T =
0.1, 0.2, 0.3, respectively, suggesting
η ≈ 0.60T (31)
for small values of T . The large-L extrapolations of X
and Υ are in agreement with the spin-wave predictions,
as shown in Fig. 2 (the error on the large-L extrapolations
takes into account the uncertainty on ω). Moreover, they
also confirm that Tc > 0.3.
At Tc, the asymptotic large-L behavior can be derived
from the RG prediction (17). For L → ∞ the scaling
field v can be expanded as21,24–26
v(L/Λ, 0) =
1
w
+O
(
lnw
w3
)
, (32)
with
w = ln
L
Λ
+
1
2
ln ln
L
Λ
. (33)
Expanding R(v, 0) in powers of v, we obtain
R(L, Tc) = R
∗ + CRw
−1 +O(w−2). (34)
5The constants R∗ and CR can be computed by using
again spin-wave theory, obtaining25 for X and Υ the ac-
curate numbers (see App. B)
Y ∗ = 0.6365081789, CY = 0.31889945, (35)
X∗ = 0.7506912222, CX = 0.21243137. (36)
D. Estimate of Tc for the Bose-Hubbard model
1. The matching method
The presence of marginal RG perturbations at the
BKT fixed point gives rise to logarithmic corrections
to the asymptotic scaling behavior.21–26 In FSS stud-
ies these slowly decaying corrections make an accurate
determination of the critical temperature quite difficult,
because they drastically affect the reliability of the large-
L extrapolations of the numerical results. To overcome
this problem, we employ a matching method that gener-
alizes the approach used in Refs. 22,23 to obtain accu-
rate estimates of the critical temperature for the rough-
ening transition of various solid-on-solid models and the
magnetic transition of the classical XY model. Hasen-
busch and Pinn23 computed the RG flow both in the XY
model and in the body-centered solid-on-solid (BCSOS)
model for which Tc is exactly known, and then deter-
mined Tc,XY by matching the results for the two models.
Here we use a similar idea, matching the finite-size be-
havior of RG invariant quantities.
To clarify the method, suppose there is a model belong-
ing to the BKT universality class for which the critical
temperature Tc1 is known. Moreover, assume that, for
this model, a RG invariant quantity R is known precisely
as a function of the size L, i.e., the function R(1)(L, Tc1)
defined in Sec. II B is known with high precision for all
values of L. Now, consider a second model, whose criti-
cal temperature Tc2 is not known, and compute the same
RG invariant quantity for several values of L and T , i.e.,
the function R(2)(L, T ). Then, Tc2 is determined by the
matching condition (20): The rescaling constant λ and
Tc2 are obtained by minimizing the difference between
R(1)(λL, Tc1) and R
(2)(L, Tc2). Note that the neglected
scaling corrections in this two-parameter fit are of order
L−ǫ (ǫ = 2 for Υ and ǫ = 7/4 for X), hence we overcome
the problem of the logarithmic corrections.
In this work we take the classical XY model as ref-
erence model. The critical temperature is known quite
precisely,23 βc,XY ≡ 1/Tc,XY = 1.1199(1), though not
exactly. This introduces a systematic uncertainty in the
procedure, which can be accurately quantified, as we shall
discuss below in Sec. II D 4. We consider the RG invari-
ant helicity modulus Υ and ratio X ≡ ξ/L, to look for
the optimal matching. For this purpose, we need accu-
rate estimates of Υ˜XY(L) ≡ Υ(L, Tc,XY) and X˜XY(L) ≡
X(L, Tc,XY). They are obtained by interpolating the
available XY data (which extend up to L = 4096, see
Refs. 25,27) and taking into account the large-L asymp-
Υ
T
L=8
L=16
L=32
L=64
L=128
L=256 0.67
 0.68
 0.69
 0.7
 0.71
 0.72
 0.73
 0.74
 0.342  0.343  0.344  0.345
FIG. 3: (Color online) QMC estimates of Υ for several lattice
sizes L up to L = 256. For L ≤ 128, the lines are inter-
polations of the data. For L = 256, Υ was only computed
for T = 0.3438: the reported line corresponds to an extrap-
olation that uses the first two terms of the expansion of Υ
around T = 0.3438. The vertical band shows the final esti-
mate Tc = 0.34385(9).
totic expansions (34). The resulting expressions are re-
ported in App. C. The XY results are compared with BH
results corresponding to lattice sizes 4 ≤ L ≤ 256 and
temperatures in the interval 0.3415 ≤ T ≤ 0.3450, which
is the interval of temperatures in which Tc is expected to
lie, according to previous works33,49–51.
We would like to stress that the matching method is
general and can be used to determine the critical temper-
ature of any physical system undergoing a BKT transi-
tion, using in all cases the interpolation curves reported
in App. C.
2. Direct analyses
We estimate Tc in the BH model, by using the match-
ing method discussed above. The most accurate results
are obtained by analyzing the helicity modulus Υ. Fig. 3
shows the QMC estimates of Υ versus T up to L = 256.
Note that they do not show any particular feature which
may hint at a critical point. For instance, Tc cannot be
estimated by using the crossing-point method, as is usu-
ally done in FSS analyses of standard phase transitions,
e.g., in the three-dimensional BH model.52
This is due to a peculiar feature of the behavior of RG
invariant quantities at the BKT transition. Usually, the
large-L limit of R(L, T ) is discontinuous at Tc, with i.e.,
three different results are obtained in the limit L → ∞,
depending whether T < Tc, T = Tc, T > Tc, i.e.
lim
T→T±c
lim
L→∞
R(L, T ) 6= lim
L→∞
R(L, Tc). (37)
As a consequence, for finite values of L, this discontinu-
ity appears as a crossing of the finite-size curves around
6TABLE I: Results for T˜ (L) and λ(L) as obtained by solving
Eq. (39). We also report Tc as obtained by linear fits to
T˜ (L) = Tc + c/L
2 of the data satisfying L ≥ Lmin, and the
corresponding χ2/dof, where dof is the number of degrees of
freedom of the fit.
L T˜ (L) λ(L) Lmin Tc χ
2/dof
4 0.34344(4) 1.457(3) 4 0.34384(3) 0.8
6 0.34380(7) 1.499(8) 6 0.34381(3) 0.4
8 0.34379(6) 1.501(9) 8 0.34382(3) 0.5
12 0.34378(6) 1.50(1) 12 0.34383(4) 0.5
16 0.34381(6) 1.51(2) 16 0.34384(5) 0.6
24 0.34378(9) 1.50(3) 24 0.34389(7) 0.5
32 0.34381(6) 1.51(3) 32 0.34390(9) 0.6
48 0.34376(11) 1.48(6) 48 0.34397(15) 0.8
64 0.34399(11) 1.61(7) 64 0.34378(22) 0.1
96 0.34385(15) 1.6(1)
128 0.34387(24) 1.5(2)
TABLE II: Estimates of Tc and λ obtained by minimizing
the functions (40) (superscript 1) and (41) (superscript 2),
varying the minimal value Lmin of the size allowed in the fits.
We also report s(i) ≡ A
(i)
min/(NL − Nf ), where Amin is the
minimum of the function A(i), cf. Eqs. (40), (41), NL and
Nf are the number of L-values used and the number of fit
parameters, respectively.
Lmin T
(1)
c λ
(1) s(1) T
(2)
c λ
(2) s(2)
4 0.34374(3) 1.484(5) 8.8 0.34387(2) 1.532(7) 1.5
6 0.34380(1) 1.502(2) 0.6 0.34382(2) 1.510(6) 0.5
8 0.34381(1) 1.504(2) 0.5 0.34382(2) 1.508(8) 0.6
12 0.34381(1) 1.504(4) 0.6 0.34385(4) 1.527(14) 0.6
16 0.34382(2) 1.509(6) 0.5 0.34385(4) 1.53(2) 0.6
32 0.34384(3) 1.517(14) 0.7 0.34393(8) 1.59(6) 0.7
64 0.34389(6) 1.55(4) 0.9 0.34370(25) 1.4(2) 1.0
96 0.34373(21) 1.42(17) 1.6
128 0.34374(15) 1.41(12) 0.8
Tc. In the case of the 2D XY universality class, instead,
the infinite-volume limit shows no discontinuity as T ap-
proaches Tc from the low-temperature side, i.e.
lim
T→T−c
lim
L→∞
R(L, T ) = lim
L→∞
R(L, Tc). (38)
Hence, a crossing of the finite-size curves does not neces-
sarily occur (it may still be present if scaling corrections
have different signs on the two sides of the transition, but
this does not occur for Υ).
We implement the matching methods using various
procedures, to crosscheck the results. The simplest one
considers the data for only two lattice sizes at once, L
and 2L. Then, λ(L) and an effective critical tempera-
ture T˜ (L) are determined by solving the two equations
Υ[L, T˜ (L)] = Υ˜XY(λ(L)L),
Υ[2L, T˜ (L)] = Υ˜XY(2λ(L)L). (39)
To implement this strategy, we need accurate estimates
of Υ in a sufficiently wide temperature interval close to
Tc for each value of L. For this purpose, we performed
QMC simulations at relatively close values of T and com-
puted the first and second derivatives of Υ with respect
to T , obtaining accurate interpolations close to the BKT
transition. The results of the the two-point matching
procedure based on Eqs. (39) are reported in Table I.
They appear quite stable, indicating that the residual
power-law scaling corrections are small. Indeed, the solu-
tions T˜ (L) of Eqs. (39) are expected to approach Tc with
corrections of order L−2. To take them into account,
we fit T˜ (L) to Tc + c/L
2, including only data satisfying
L ≥ Lmin. Results are stable, essentially independent of
Lmin, confirming that the neglected scaling corrections
are irrelevant within our typical error bars.
Instead of using only two lattice sizes at each step of
the matching procedure, one may adopt a more general
strategy in which all results satisfying L ≥ Lmin are used
at once. In this alternative approach, Tc and λ are de-
termined by minimizing the χ2-like function
A(1)(T, λ) =
∑
i
[
Υ(Li, T )− Υ˜XY(λLi)
∆Υ(Li, T )
]2
, (40)
where the sum is over the available lattice sizes, and
Υ(Li, T ) and ∆Υ(Li, T ) are the intepolating curves with
their errors. In order to take into account the expected
O(L−2) corrections, we also consider
A(2)(T, λ, c) =
∑
i
[
Υ(Li, T )− Υ˜XY(λLi)− c/L2i
∆Υ(Li, T )
]2
.(41)
In Table II we report the results. Indicative errors on
the optimal parameters Tc and λ are obtained from the
covariance matrix at the minimum of the functions (40)
and (41), although this does not take into account all
statistical correlations of the quantities involved in the
matching procedure. The role of the residual scaling cor-
rections is checked by increasing the minimal value Lmin
of the sizes considered in the fit, and by comparing the
results obtained by using (40) and (41). It is clear that
they are negligible.
Overall, the results of the analyses are quite stable.
They indicate
0.3438 . Tc(µ = 0) . 0.3439, (42)
and 1.50 . λ . 1.55. Fig. 4 shows the quality of the
matching procedure. We report the BH estimates of Υ at
T = 0.3438 ≈ Tc and the critical XY curve Υ˜XY(λL), as-
suming λ = 1.5. The BH data fall on top of the XY curve,
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FIG. 4: (Color online) Plot of the BH estimates (circles) of
Υ at T = 0.3438 ≈ Tc, of the finite-size curve Υ˜XY(L) (full
line), and of the asymptotic prediction (34) with constants
(35) (dashed line). We take λ = 1.5 and set [see Eq. (33)]
w ≡ ln(L/Λ)+ 1
2
ln ln(L/Λ) with ΛXY = 0.3 for the XY model
and ΛBH = ΛXY/λ = 0.2 for the BH model.
indicating that the nonuniversal corrections of order L−2
are quite small. In Fig. 4 we also report the asymptotic
prediction (34) with constants (35). A comparison with
the XY curve Υ˜XY (L) shows that it describes the finite-
size behavior of Υ only for w−1 . 0.05, hence for lattice
sizes which are much larger than those we simulated, up
to L = 256. Therefore, logarithmic fits to Eq. (34), i.e.
including only the leading logarithmic correction, would
not provide an accurate estimate for Tc.
The estimate (42) is confirmed by the data ofX ≡ ξ/L.
At Tc we expect the asymptotic behavior
X(L, Tc) = X˜XY(λL) + cL
−7/4, (43)
which includes the expected O(L−2+η) leading scaling
corrections. The curve X˜XY(L) is reported in App. C.
Note that the rescaling λ must be the same as that ob-
tained from the matching of Υ, thus λ ≈ 1.5. In Fig. 5
we compare the QMC estimates of X at T = 0.3438 in
the BH model with the XY curve X˜XY(λL) with λ = 1.5.
Note that no adjustable parameters enter this compari-
son. Here scaling corrections are quite larger than those
observed for the helicity modulus. Nonetheless, it is quite
evident that Eq. (43) holds asymptotically, and that de-
viations scale as L−7/4, as predicted by theory. In the
figure, we also compare the BH data with the asymp-
totic expression (34) [coefficients are given in Eq. (36)].
In this case, the asymptotic prediction is close to the
curve X˜XY(L), indicating that, once the power-law scal-
ing corrections become negligible, a logarithmic fit would
provide the correct estimate of Tc.
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FIG. 5: (Color online) Top: Plot of the BH estimates (circles)
of X ≡ ξ/L at T = 0.3438 ≈ Tc, of the XY function X˜XY(L)
(full line), and of the asymptotic prediction (34) with con-
stants (36) (dashed line). We use λ = 1.5 and set [see Eq. (33)]
w ≡ ln(L/Λ)+ 1
2
ln ln(L/Λ) with ΛXY = 0.3 for the XY model
and ΛBH = ΛXY/λ = 0.2 for the BH model. Bottom: Differ-
ence ∆X = X˜XY(λL)−X(L, Tc) for λ = 1.5. The dashed line
is a linear fit to aL−7/4 of the data satisfying L ≥ 24. The
dotted-dashed line shows a fit to aL−7/4+ bL−2+ cL−4 of the
data for L ≥ 8, which takes also into account the expected
higher-order power-law corrections.
TABLE III: Estimates of Tc and λ obtained by fitting the
data to Eq. (45) (superscript 1) and to Eq. (47) (superscript
2), varying the minimal value Lmin of the size allowed in the
analyses.
Lmin T
(1)
c λ
(1) T
(2)
c λ
(2)
6 0.34384(2) 1.52(1) 0.34384(2) 1.52(1)
8 0.34385(2) 1.52(1) 0.34384(2) 1.52(1)
12 0.34386(3) 1.53(2) 0.34385(3) 1.53(2)
16 0.34386(3) 1.53(2) 0.34386(3) 1.53(2)
24 0.34386(3) 1.54(2) 0.34386(5) 1.53(3)
83. A more general analysis
The two analyses presented in Sec. II D 2 are straight-
forward implementations of the matching procedure.
However, they require interpolations of the data at fixed
size and an estimation of the error on the interpolations.
One can avoid both steps, by slightly generalizing the
matching procedure. For the values of T that we consider
and for each size L, the helicity modulus is an almost lin-
ear function of T , as is clear from Fig. 3. Therefore, we
can expand Υ(L, T ) as
Υ(L, T ) ≈ Υ(L, Tc) + (T − Tc) ∂Υ
∂T
∣∣∣∣
T=Tc
. (44)
Now, we use the matching condition to relate Υ(L, Tc)
to the corresponding XY quantity. Including the leading
scaling corrections we obtain
Υ(L, T ) ≈ Υ˜XY(λL) + (T − Tc) ∂Υ
∂T
∣∣∣∣
T=Tc
+ c/L2. (45)
This relation is at the basis of two different analyses of
the BH data, that differ in the treatment of the derivative
term.
In the first analysis we use the QMC results for ∂Υ/∂T .
Within errors, the estimates of the derivative appear to
be essentially independent of T for T close to 0.3438.
Hence, to obtain a reliable interpolation we simply con-
sider all data in the interval 0.343 ≤ T ≤ 0.345 and
determine an interpolation of the form
S(L) ≡ ∂Υ
∂T
∣∣∣∣
T=Tc
= w
n∑
k=0
αkw
−k +
cT
L2
, (46)
where w is defined in Eq. (33) and we take Λ = ΛXY/λ =
0.2 (we take ΛXY = 0.3, consistently with the estimates
reported in App. C). The interpolating function is con-
sistent with the RG results of App. A, which predict
∂Υ/∂T ∼ lnL at the critical point. We try several values
of n, obtaining an almost perfect interpolation for n ≥ 3.
Once the interpolation is known, we determine Tc and λ
by fitting all BH data to Eq. (45), taking λ, Tc, and c as
free parameters. The fit is repeated several times, includ-
ing each time only the data satisfying L ≥ Lmin, for an
increasing sequence of Lmin. The results are reported in
Table III. We only take into account the statistical errors
and, in particular, we neglect the uncertainty on the in-
terpolation of the derivative of Υ. Therefore, errors may
be (slightly) underestimated. The results are perfectly
consistent with those reported in Sec. II D 2 and confirm
Eq. (42).
We also performed a second fit, in which the QMC
results for the derivative of Υ are not used. We only
assume that an expression like (46) provides an accurate
interpolation. Therefore, we performed fits to
Υ(L, T ) = Υ˜XY(λL) +
c
L2
+
(T − Tc)
(
α0h(L, λ) + α1 +
α2
h(L, λ)
+
cT
L2
)
,(47)
with
h(L, λ) = ln
λL
ΛXY
+
1
2
ln ln
λL
ΛXY
, (48)
and ΛXY = 0.3. In the fit, λ, Tc, α0, α1, α2, c, and cT
are free parameters. The results are reported in Table III.
In spite of the quite large number of parameters, results
are stable and completely consistent with those obtained
by using the interpolation of the temperature derivative.
Again, they confirm Eq. (42).
4. Final estimate of the critical temperature
In the analyses presented in Sections II D 2 and IID 3
we made the implicit assumption that the exact curve for
the helicity modulus at criticality is known. But this is
not the case. There are two sources of uncertainty. First,
the interpolations are affected by an error related to the
statistical error of the XY data. As discussed in App. C,
this error is quite small. The relative uncertainty is less
than 3 × 10−5 for L . 400, which is the relevant region
for the analysis of the BH data. This source of error is
practically irrelevant, since it changes the results of the
fits by a small fraction of the statistical error. For the
analyses presented in Sec. II D 3, Tc varies by at most
4× 10−6, if we change the curve by one error bar.
On the other hand, the error on the critical XY tem-
perature gives rise to systematic deviations on our final
results which are not negligible and which are of the or-
der of the statistical errors. To estimate the correspond-
ing systematic error, let us indicate with βXY = 1.1199
(TXY = 1/βXY), which is the value at which we com-
puted the XY function Υ˜XY(L), and with Tc,XY the true
XY critical temperature. If σ = Tc,XY−TXY is small, we
can write
ΥXY(Tc,XY, L) ≈ ΥXY(TXY, L) + σSXY(L)
= Υ˜XY(L) + σSXY(L), (49)
where SXY(L) = ∂ΥXY/∂T computed at the critical
point. For the BH model we can write analogously
ΥBH(T, L) = ΥBH(Tc,BH, L)+(T −Tc,BH)SBH(L). (50)
We can now use the matching conditions (20) and (22)
to rewrite the previous relation as
ΥBH(T, L) = ΥXY(Tc,XY, λL) +
1
k
(T − Tc,BH)SXY(λL).
(51)
Finally, Eq. (49) implies
ΥBH(T, L) = Υ˜XY(λL) +
[
1
k
(T − Tc,BH) + σ
]
SXY(λL).
(52)
In our approach, we compute the value of T which
provides the best matching between ΥBH(T, L) and
9Υ˜XY(λL). It corresponds to the value of T for which
the correction term vanishes, hence
T = Tc,BH − kσ. (53)
Therefore, the systematic error on our estimates of the
critical temperature of the BH model is |kσ|, where σ
is the error on Tc,XY: β
2
XYσ = 10
−4. To compute the
nonuniversal constant k, we perform runs for the XY
model at β = 1.1201 and a few values of L, obtaining
estimates of SXY(L). Comparing this results with the
BH ones, we estimate k/β2XY = 0.6(1), which gives
kσ . 7 · 10−5. (54)
If we now assume that the statistical error and the sys-
tematic error due to the uncertainty on Tc,XY are inde-
pendent, we obtain the final estimate
Tc = 0.34385(9). (55)
To conclude, we compare our result (55) with the es-
timates of Tc reported in the literature for the 2D hard-
core BH model at µ = 0: Tc = 0.3425(5) is reported
in Ref. 33, Tc = 0.3423(3) in Ref. 49, Tc = 0.353(3) in
Ref. 50, and Tc = 0.350(4) in Ref. 51. There are signif-
icant discrepancies with our result (55); we believe that
this is essentially due to the residual logarithmic correc-
tions affecting the extrapolation of the numerical data in
Refs. 33,49–51. Other numerical results for generic 2D
BH models can be found in Refs. 53–59.
III. BKT CRITICAL BEHAVIOR IN A TRAP
Experimental evidences of BKT transitions in trapped
quasi-2D atomic gases have been reported in Refs. 10–
16. The inhomogeneity due to the trapping potential
drastically changes, even qualitatively, the general fea-
tures of the BKT critical behavior. The analysis of the
RG flow in the presence of a trapping potential leads to
nontrivial scaling laws characterized by the presence of
additional logarithmic factors.26 Here, we discuss the re-
sults of QMC simulations of the 2D hard-core BH model
in the presence of a harmonic trapping potential. We ver-
ify the RG predictions, and in particular the universality
of the trap-size dependence at the critical temperature.
A. Trap-size dependence
In sufficiently smooth inhomogeneous systems, the
trap-size dependence of the particle density ρ(x) ≡ 〈nx〉
can be approximately obtained by using the local-density
approximation (LDA). In this approach, ρ(x) is approx-
imately given by the value of the particle density of the
homogeneous system at the same temperature and at an
effective chemical potential
µeff(x) = µ− V (r) = µ− (r/ℓt)2. (56)
Thus, the LDA implies that the particle density depends
on the ratio r/ℓt and that the total particle number
asymptotically scales as
N =
∑
x
ρ(x) ≈ c(µ)ℓ2t , (57)
with a coefficient that depends on µ. Actually, the LDA
is expected to give the exact space dependence of the
particle density in the large-ℓt limit keeping r/ℓt fixed.
Scaling corrections decay as inverse powers of ℓt,
60,61 and
are generally determined by the universal features of the
critical behavior.36,52
The main features of the critical behavior are encoded
in the correlation functions of the critical modes, like the
one-particle correlation function, whose leading behavior
shows a nonanalytic TSS around the critical point. We
consider the one-particle correlation function between the
center of the trap x = 0 and another point y, i.e.
G0(y) ≡ G(0,y) ≡ 〈b†0by〉. (58)
We also define the trap susceptibility
χt =
∑
x
G0(x), (59)
(it differs from the usual susceptibility χ, which considers
correlations between any pair of points in the lattice),
and the trap correlation length ξt defined in terms of the
second moment of G0(x):
ξ2t =
1
4χt
∑
x
|x|2G0(x). (60)
At the BKT transition the TSS of G0(x) presents multi-
plicative logarithms,26
G0(x) = ℓ
−1/4
t (ln ℓt)
1/8+κ/4 G [x(ln ℓt)κ/ℓt] , (61)
where κ is a new exponent related to the trap, which is
expected to depend on the main features of the external
potential. In the inhomogeneous XY model (7), κ de-
pends on the power q of the link function (8). Numerical
results provide evidence of a simple dependence:26
κ = 2/q. (62)
Eq. (61) implies the scaling relations at Tc
χt ∼ ℓ7/4t (ln ℓt)1/8−7κ/4, (63)
ξt ∼ ℓt(ln ℓt)−κ. (64)
Note that the exponent κmust vanish in the limit q →∞.
Indeed, for q → ∞, one is dealing with a homoge-
neous system with open boundary conditions. Hence,
one should recover the usual FSS relations with ℓt ∼ L.
We would like to note that the additional logarith-
mic factors are a specific feature of the BKT point. In-
deed, in the low-temperature QLRO phase the trap-size
10
dependence is simpler. The correlation length satisfies
ξt ∼ ℓt without logarithms,37 and the one-particle corre-
lation function scales as
G0(x) = ℓ
−η(T )
t G (x/ℓt) , (65)
with η(T ) < 1/4.
B. Universality of the trap-size scaling
A major physical question concerns the universality
of the trap effects, i.e. under which conditions critical
exponents and scaling functions are the same for different
trapped systems that belong to the same “homogeneous”
universality class.
Let us begin by discussing which features of the trap-
ping potential are relevant in the TSS limit. Consider
a generic model with trapping potential V (r/ℓt) where
r is the distance from the center of the trap. The TSS
limit is obtained by taking r → ∞, ℓt → ∞ at fixed
ζ = r/ℓθt , where θ is the trap exponent. Therefore, since
r/ℓt = ζℓ
θ−1
t , if θ < 1 as generically occurs, in the TSS
limit the argument of the potential tends to zero: only
the small-r behavior, i.e., the one for r ≪ ℓt, is rele-
vant. For the XY model we have θ = 1 with logarithmic
corrections controlled by the exponent κ.26 In this case,
ζ = r(ln ℓt)
κ/ℓt, so that r/ℓt = ζ/(ln ℓt)
κ. Therefore,
provided that κ > 0, also in this case the relevant be-
havior is the small-distance one. As a consequence, if
V (r/ℓt) ≈ (r/ℓt)p for r → 0, in all cases we expect TSS
to depend only on p and not on more specific features of
the potential.
In Ref. 26 scaling functions and exponent κ were com-
puted for the XY model (7) with link functionW (r) given
in Eq. (8). They depend on the exponent q. In particular,
results were consistent with κ = 2/q. Since κ > 0, they
confirm that only the small-distance behavior of W (r)
is relevant in the TSS limit. Since the BH model and
the XY model belong to same universality class in ho-
mogeneous conditions, the trap-size behavior in the two
models is expected to be strictly related.
Since the small-r behavior is the relevant property that
characterizes the universality class in the presence of the
trap, it seems natural to assume that the trapped BH
model and the classical inhomogeneous XY model have
the same TSS at Tc when p = q, i.e., when the trapping
potential V (r) and the link variableWij(r) have the same
short-distance behavior. However, the scaling argument
presented below, which is confirmed by our numerical
results, shows that this is not always true. In particular,
we argue that, at µ = 0, the correct correspondence is
q = 2p.
For homogeneous systems, in the absence of a mag-
netic field, the relevant quantity that controls the crit-
ical behavior of the 2D XY model is the temperature
difference τ = T − Tc. In the inhomogeneous case, cf.
Eq. (7), we can associate an effective temperature Teff(r)
to each point at distance r from the center of the trap.
Then, we argue that two inhomogeneous systems have
the same TSS provided that the short-distance behavior
of the relevant RG perturbation τ(r) = Teff(r)−Tc is the
same. In the case of the classical XY model at Tc, we
have τ(r) ∼W (r) ∼ rq. In the case of the hard-core BH
model at T = Tc(µ), we have
τ(r) ≡ Tc(µ)− Tc[µeff(r)], (66)
where the effective chemical potential is given in Eq. (56).
Now, for µ 6= 0 and δµ≪ 1,
Tc(µ+ δµ)− Tc(µ) ∼ δµ. (67)
Therefore, at least for values of r for which V (r) ≪ µ
(this is the relevant region in the TSS limit, as discussed
above), we obtain τ(r) ∼ V (r) ∼ rp. Therefore, we ex-
pect the same TSS for p = q. This result, however, does
not apply to the case µ = 0, due to the symmetry prop-
erties of the phase diagram reported in Fig. 1. Because
of the symmetry under µ→ −µ, we have for µ→ 0
Tc(µ) = Tc(0) + cµ
2 +O(µ4). (68)
Then, by using again Eq. (56), we obtain τ(r) ∼ V (r)2 ∼
r2p, which implies that, for µ = 0 the correct correspon-
dence is q = 2p. This argument allows us to predict that,
for the BH model with p = 2, the exponent κ should be
equal to 1 for µ 6= 0 and to 1/2 for µ = 0.
The equality of the short-distance behavior of the effec-
tive τ(r) appears to be a necessary requirement for two
systems to belong to the same TSS universality class.
If this condition holds, critical exponents are the same.
For the scaling functions however, a more careful analy-
sis is needed. Indeed, in homogeneous systems, the crit-
ical behavior depends on the phase: critical exponents
are always the same, but scaling functions in the high-
and low-temperature phase differ. Hence, when compar-
ing scaling functions, one must be careful to perform the
comparison for systems that are in the same effective
phase. It is therefore important to understand the effec-
tive behavior in the inhomogeneous XY and BH models.
In the trapped hard-core BH model with µ ≤ 0 and
the XY model (7), the external field brings the system
toward the high-temperature phase when moving out of
the center of the trap. In the XY model (7) the ef-
fective space-dependent temperature defined in Eq. (9)
tends to infinity when r ≡ |x| → ∞; in particular, for
T = Tc, Teff(x) > Tc for any r > 0. Analogously, in the
BH model one may define the effective space-dependent
chemical potential (56). When µ ≤ 0 and T = Tc, the
phase diagram (1) is such that the system is effectively
in the high-temperature phase for any r > 0. Therefore,
the hard-core BH model with µ ≤ 0 and in the inhomoge-
nous XY model (7) should share the same universal fea-
tures. The two model should share the same TSS scaling
functions, provided the exponents satisfy the relations
discussed above.
The behavior for µ > 0 is expected to be different.
Since the trapping potential decreases the local effective
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FIG. 6: (Color online) Comparison of G0(x) versus r = |x| for
several trap sizes ℓt and lattice sizes L, at T = 0.3438 ≈ Tc.
No size dependence is observed for L & 4ℓt.
chemical potential (56), the system is in the superfluid
QLRO phase for 0 < r .
√
2µℓt, and in the normal
phase only for r &
√
2µℓt. In the TSS limit at ζ =
r(ln ℓt)
κ/ℓt fixed, we expect a low-temperature behavior
for ζ .
√
2µ(ln ℓt)
κ. Since κ > 0, as ℓt increases, the
boundary of the QLRO phase goes to infinity: In the TSS
limit all points belong to the QLRO phase. Therefore,
even if the TSS logarithmic exponent is the same as in the
case µ < 0, scaling functions for µ > 0 should differ from
those obtained for µ < 0. Actually, we guess that the
TSS functions at µ > 0 should correspond to those of the
inhomogenous XY model (7) with Uxy = [1+W (rxy)]
−1
replaced by Uxy = 1 +W (rxy).
An analogous scenario is also expected in the three-
dimensional (3D) hard-core BH model, whose phase dia-
gram is similar to that reported in Fig. 1, with a finite-
temperature XY superfluid transition line from (µ =
−3, T = 0) to (µ = 3, T = 0). Again this transition line is
symmetric with respect to µ → −µ, therefore Tc(µ) has
a maximum at µ = 0. The TSS at the superfluid tran-
sition is generally characterized by the trap exponent35
θ = pν/(1 + pν) for a trapping potential V (r) = (r/ℓt)
p,
where ν = 0.6717(1) is the correlation-length exponent
of the 3D XY universality class.42 This is confirmed by a
numerical study52 of the 3D BH model with a harmonic
trapping potential at µ = −2, for which θ = 0.57327(4).
This result is expected to hold for all values of µ between
−3 and 3 that are different from zero. At the particular
value µ = 0, the argument outlined above implies that
the trap exponent is different, being associated with an
external field given by V (r)2 = (r/ℓt)
2p. Therefore,35 we
expect θ = 2pν/(1+2pν), giving θ = 0.72876(3) for p = 2.
Finally, note that, although we expect θ = 0.57327(4) for
any µ 6= 0, scaling functions should depend on the sign
of µ.
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FIG. 7: (Color online) The particle density at T = 0.3438 ≈
Tc for several trap sizes versus r/ℓt (data obtained taking
L & 4ℓt). Data collapse onto a unique curve.
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FIG. 8: (Color online) The connected density-density correla-
tion Gn(0,x) at T = 0.3438 ≈ Tc for several trap sizes, versus
r ≡ |x|.
C. QMC results
We numerically check the RG predictions of the pre-
vious section by performing QMC simulations of the 2D
hard-core BH model (4) at µ = 0 and T = 0.3438 ≈ Tc,
with a harmonic potential [p = 2 in Eq. (5)]. We present
results for several values of the trap size ℓt, up to ℓt = 32.
The trap is centered in the middle of a square L2 lattice,
with odd L and open boundary conditions. More details
on our practical implementation of QMC simulations of
trapped systems can be found in Refs. 58,61.
The lattice size L is large enough (L ≈ 4ℓt) to make
finite-size effects negligible compared with the statistical
errors, at least for the critical correlations with respect
to the center of the trap. This is checked by comparing
results for several lattice sizes L at fixed trap size ℓt.
In Fig. 6 we show the one-particle correlation function
G0(x). Within the precision of our data, results obtained
by using lattice sizes L = 4ℓt + 1 — i.e. L/ℓt ≈ 4 — can
be identified as infinite-volume results.
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FIG. 9: (Color online) Scaling of the one-particle correlation
function G0(x) in a trap, using Eq. (61) with κ = 0 (top, note
that this is analogous to the rescaling of the distance for the
particle density, as in Fig. 7), κ = 1 (middle) and κ = 1/2
(bottom). The value κ = 1/2 is clearly favoured by the data,
supporting the RG arguments of Sec. III B. All results are
obtained for L = 4ℓt + 1.
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In Fig. 7 we show the particle density ρ(x) ≡ 〈nx〉 at
Tc. The data collapse onto a single curve when plot-
ted as a function of the rescaled distance r/ℓt. The
large-ℓt convergence at fixed ratio r/ℓt is quite fast; one
can hardly see variations for ℓt ≥ 8 already. These
results are consistent with the LDA, as discussed in
Sec. III A. In particular, we find ρ(0) ≈ 1/2 (we obtain
ρ(0) = 0.5006(3), 0.4999(3), 0.5004(4) respectively for
ℓt = 8, 16, 32), which is the particle density of the ho-
mogeneous system at µ = 0, cf. Eq. (10). The data
2 4 6 8 10
l
t
 / (lnl
t
)κ
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12
ξ
t
FIG. 10: (Color online) QMC data of the second-moment
correlation length at T = 0.3438 ≈ Tc versus ℓt(ln ℓt)
−κ, with
κ = 1/2. The dotted straight line is drawn to guide the eye.
in Fig. 7 show also that, at T = 0.3438 and µ = 0, the
particles are effectively confined within a spherical region
|x| . 2ℓt by the harmonic potential (indeed ρ ≈ 10−4 for
r ≈ 2ℓt).
The connected density-density correlation
Gn(0,x) ≡ 〈n0nx〉 − 〈n0〉〈nx〉 (69)
vanishes rapidly, see Fig. 8, without showing any partic-
ular scaling behavior. This is analogous to the behavior
observed in the one-dimensional BH model in the zero-
temperature quantum superfluid phase.61 Notice that the
value Gn(0, 0) ≈ 1/4 at the center of trap (we obtain
Gn(0, 0) = 1/4 for any ℓt with a precision of 10
−6) agrees
with the corresponding LDA prediction. Indeed, it cor-
responds to the value Gn(x,x) = 1/4 in homogeneous
systems at zero chemical potential.62
Fig. 9 shows QMC data for the one-particle correlation
function G0(x). They are rescaled using Eq. (61), with
κ = 0, 1/2, and 1. The best collapse of the data is ob-
served for κ = 1/2, supporting the RG arguments of the
previous section. In Fig. 10 we show the trap correlation
length ξt. The data are consistent with the asymptotic
behavior with κ = 1/2, i.e., with
ξt ∼ ℓt(ln ℓt)−1/2. (70)
We now perform a more stringent universality check,
verifying that the hard-core BH model with p = 2 and
the classical XY model at TXY with q = 4 have the same
TSS. To avoid the use of free parameters, we plot the
correlation functions in terms of the universal ratio r/ξt
instead of r/ℓt, and consider G0(x)/Zt, Zt ≡ χt/ξ2t , and
G0(2x)/G0(x). With these choices, the nonuniversal nor-
malization of the correlation function cancels out. In
Fig. 11 we compare the BH results for these two quan-
tities with the corresponding data for the classical XY
model (7) with q = 2 and q = 4. The XY data obtained
by using q = 4 fall on top of the BH results, while those
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FIG. 11: (Color online) Universality check at Tc: plot
of Z−1t G0(x) with Zt = χt/ξ
2
t (top) and of the ratio
G0(2r)/G0(r) (bottom) vs r/ξt with r ≡ |x|, for the trapped
hard-core BH model with p = 2, and for the classical XY
model with q = 4 and q = 2. In both cases the data for
the harmonically (p = 2) trapped BH model converge to the
large-ℓt curve of the classical XY model with a quartic exter-
nal field (q = 4). In the bottom panel the horizontal dashed
line gives the r → 0 limit (in the continuum limit).
obtained by using q = 2 differ significantly. Hence, these
results provide a nice evidence for the correspondence
q = 2p, as argued in the previous section.
IV. CONCLUSIONS
We investigate the universal behavior of quantum 2D
many-body systems at finite-temperature BKT transi-
tions. We consider the 2D hard-core BH model (1) [which
is equivalent to the so-called XX spin model (2)] in ho-
mogeneous conditions and in the presence of a harmonic
trap, cf. Eq. (4). The phase diagram, sketched in Fig. 1,
presents a BKT transition line between the normal and
superfluid QLRO phase. We consider the system at half
filling (µ = 0), performing extensive QMC simulations.
We first perform a detailed FSS analysis to determine
the critical temperature and then a detailed check of the
TSS RG predictions.
In order to determine the critical BKT temperature,
we employ a numerical matching method, which relates
the FSS of RG invariant quantities in the 2D BH model
with that in the classical XY model (3) at its critical
temperature, which is known with high accuracy.23,25 In
this approach, the residual scaling corrections decay as
inverse powers of the lattice size L and not as powers of
1/ lnL, as in more standard approaches. Therefore, it al-
lows us to perform reliable large-L extrapolations and to
obtain accurate and robust estimates of the critical tem-
perature. This procedure yields Tc(µ = 0) = 0.34385(9),
which significantly improves earlier estimates.33,49–51
We stress that the matching method can be used to de-
termine the critical temperature of any physical system
undergoing a BKT transition, using the XY finite-size
curves reported in App. C. The precision of the method
is essentially limited by the relative precision of the es-
timate βXY = 1.1199(1) of the XY critical temperature.
This limitation may be overcome by computing the rel-
evant FSS curves in the BCSOS model, for which Tc is
exactly known.22,64
The matching method is quite general and can be used
in other systems characterized by marginal RG pertur-
bations, as long as an accurate estimate of the critical
temperature for at least one representative of the given
universality class is known. For instance, one could apply
it to the study of three-dimensional tricritical transitions,
of Φ4 scalar models in four dimensions,65 of the quantum
T = 0 Mott transition of the 2D BH model,19,66 or of
two-dimensional randomly dilute Ising systems.67,68
We also investigate the universal BKT behavior in
the presence of a harmonic trap, cf. Eq. (4). In this
case the trap exponent takes the trivial value θ = 1,
but, additionally, logarithmic corrections appear.26 At
the critical BKT temperature the correlation length ξt
scales as ξt ∼ ℓt(ln ℓt)−κ with respect to the trap size
ℓt, where the exponent κ depends on the general fea-
tures of the external trapping potential. For the classical
XY model with an effective space-dependent tempera-
ture Teff(T,x) = T [1 + (r/ℓt)
q], numerical simulations26
suggested the relation κ = 2/q. We argue, and provide
numerical evidence, that the trapped BH models and this
inhomogeneous XY model share universal features. The
exponent κ should generally be equal to 2/p [p is defined
in Eq. (5)], hence we should have κ = 1 for a harmonic
potential. This result does not apply to the particular
case of the hard-core BH model at zero chemical poten-
tial. We argue that in this case the BH model with po-
tential exponent p is in the universality class of the XY
model with q = 2p. Hence κ = 1/2 for p = 2. Note
that, although the exponent κ is the same for any µ 6= 0,
scaling functions are expected to depend on the sign of
µ.
To verify the theoretical arguments, we perform exten-
sive QMC simulations of the hard-core BH model at µ =
0. We consider several trap sizes, up to ℓt = 32, measur-
ing the one-particle correlation function G0(x) = 〈b†0bx〉
between the center of the trap 0 and a generic point x.
14
A careful analysis of the numerical results, presented in
Sec. III C, confirms the scaling arguments, in particular
the correspondence between the BH model with p = 2
with the XY model with q = 4.
The results we present in this paper are relevant for
experiments probing BKT transitions, both in homoge-
neous systems, such as 4He at the superfluid transition,8
and in inhomogeneous systems, such as cold atoms in
harmonic traps.17 In particular, experimental results for
the one-particle correlation function of quasi-2D trapped
atomic gases can be inferred from the interferences be-
tween two atomic clouds.10,13 The analysis of experimen-
tal data reported in Ref. 10 provided some evidence of
an algebraic decay in the superfluid regime10, although
trap effects were effectively neglected.
Accurate studies of the critical properties of trapped
systems, to check universality and determine the critical
exponents, require a robust control of the effects of the
confining potential. Our results should be useful to deter-
mine the critical parameters of the BKT transition, with-
out requiring further assumptions and approximations,
such as mean-field and local-density approximations, to
handle the inhomogeneity arising from the trapping force.
In particular, in trapped quasi-2D particle systems one
may exploit the difference of the trap-size dependence of
the critical correlation functions between the high- and
low-temperature phases: with decreasing T we go from
the normal phase, in which the trap-size dependence is
trivial, to the QLRO phase where the length scale in-
creases proportionally to the trap size, through the BKT
transition where the relation between ξt and ℓt shows also
multiplicative logarithms, ξt ∼ ℓt(ln ℓt)−κ.
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Appendix A: Off-critical finite-size scaling:
renormalization-group predictions
In Ref. 26 we investigated the FSS behavior at the
BKT critical point. We wish now to discuss the nature
of the off-critical corrections. For a standard phase tran-
sition, these corrections can be expressed in power series
of τL1/ν , τ = (T −Tc)/Tc. Therefore, critical-point scal-
ing holds as long as τL1/ν ≪ 1. Since formally ν = ∞,
in the XY model we expect some expansion in terms of
τ lnα L. We wish now to show that this guess is correct
and moreover we wish to compute the exponent α. We
find
α = 2. (A1)
We start from the flow of v(l) with l0 = lnL (notations
are those of Ref. 26):
lnL =
∫ v0
v(L)
dw
[Q+ F (w)](1 + wf(w2))
. (A2)
If we now consider the leading term for Q→ 0 and L→
∞, we obtain
lnL ≈
∫ v0
v(L)
dw
[Q+ w2]
=
1√
Q
(
arctan
v0√
Q
− arctan v√
Q
)
.
(A3)
It follows
v(L) =
v0 −
√
Q tan(
√
Q lnL)
1 + v0 tan(
√
Q lnL)/
√
Q
. (A4)
In order to obtain critical-point behavior, we should as-
sume that
√
Q lnL ≪ 1. Since Q ∼ τ , this implies
τ ln2 L ≪ 1, which proves the relation α = 2. If we
now expand the previous relation in powers of
√
Q lnL,
we obtain the first-order temperature correction:
v(L) =
v0
1 + v0 lnL
− Q
3
lnL(v20 ln
2 L+ 3v0 lnL+ 3)
(1 + v0 lnL)2
.
(A5)
If we now consider the infinite-volume limit, this gives
v(L) =
1
lnL
(
1− Q ln
2 L
3
)
+ . . . (A6)
Let us now consider a renormalization-group quantity R,
which satisfies
R(Q, v0, L) = R(Q, v(L), 1). (A7)
Expanding this scaling equation in powers of Q and v,
we find
R(Q, v0, L) = R
∗ + av(L) + bQ
≈ R∗ + a
lnL
(
1− Q ln
2 L
3
)
+ . . . (A8)
Since Q ∼ (T − Tc), this relation implies
∂R
∂T
∣∣∣∣
Tc
= −aα1
3
lnL (A9)
for L→∞.
Appendix B: Exact relations within the QLRO phase
The critical behavior of systems with U(1) symmetry
in the QLRO low-temperature phase can be obtained by
studying the Gaussian spin-wave theory
H =
β
2
∫
d2x (∇ϕ)2. (B1)
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The relevant two-point function is
G(x1,x2) = 〈e−iϕ(x1)eiϕ(x2)〉. (B2)
A simple calculation shows that, in the infinite-volume
limit, G(x1,x2) ∼ |x1 − x2|−η, where the exponent η is
related to the coupling β by
η =
1
2πβ
. (B3)
This spin-wave theory describes the QLRO phase of 2D
U(1)-symmetric models for β ≥ 2/π, corresponding to
0 ≤ η ≤ 1/4. The values β = 2/π and η = 1/4 corre-
spond to the BKT transition.
Let us now consider the system on a finite L×L square
with periodic boundary conditions. The two-point func-
tion for the Gaussian theory with periodic boundary con-
ditions can be exactly computed, obtaining65,69
Gsw(x) =
[
eπz
2
2θ′1(0, e
−π)
|θ1[π(z1 + iz2), e−π]|
]η
, (B4)
where zi ≡ xi/L, θ1(u, q) and θ′1(u, q) are θ functions.70
However, in the original model the field ϕ is periodic,
hence the XY model with periodic boundary conditions
is equivalent to the Gaussian theory, provided one sums
over all twisted boundary conditions, i.e. over all con-
figurations satisfying ϕ(L) = ϕ(0) + 2nπ, n arbitrary
integer. This effect can be taken into account by the
following formula:25,69
G(x) = Gsw(x) × (B5)∑∞
n1,n2=−∞
W (n1, n2) cos[2π(n1x1 + n2x2)]∑∞
n1,n2=−∞
W (n1, n2)
,
W (n1, n2) = exp[−π(n21 + n22)/η].
Using Eq. (B4) and this expression, we can compute the
universal function X(η), where X ≡ ξ/L and
ξ2 =
L2
4π2
(
χ
χ1
− 1
)
, (B6)
χ =
∫
d2xG(x), χ1 =
∫
d2x cos
(
2πx1
L
)
G(x).
The curve X(η) is shown in Fig. 2. In particular, close
to the BKT point, i.e., for η → 1/4, we obtain
X(η) = 0.7506912222+ 1.699451
(
1
4
− η
)
+ . . . (B7)
which is in agreement with the numerical results reported
in Ref. 25. Analogous results have been obtained for the
helicity modulus,25
Υ(η) =
1
2πη
−
∑∞
n=−∞ n
2 exp(−πn2/η)
η2
∑∞
n=−∞ exp(−πn2/η)
= (B8)
= 0.6365081782+ 2.551196
(
1
4
− η
)
+ ...
The asymptotic behaviors (34) for X and Υ are obtained
by noting25 that 1/4− η ≈ 1/(8w) for w → ∞ and η →
1/4.
Appendix C: XY finite-size curves
We consider the classical XY model (3) at βXY ≡
1/TXY = 1.1199 (which is the best available estimate
23 of
the critical temperature), on L × L square lattices with
periodic boundary conditions. We determine accurate
approximations of the functions Υ˜XY(L) and X˜XY(L),
by interpolating the available Monte Carlo data25,27 at
βXY = 1.1199, which cover the interval 4 ≤ L ≤ 4096.
Moreover, we also enforce the known large-L asymp-
totic behaviors (34), (35) and (36), to guarantee the cor-
rect limit L → ∞. We consider functional forms mo-
tivated by theory. Hence, the functions Y˜XY(L) and
X˜XY(L) are expressed as polynomials in the variable
w ≡ ln(L/Λ) + 12 ln ln(L/Λ), plus some correction terms
of order L−2k. In practice, we approximate the two func-
tions as
n∑
k=0
ak/w
k +
m∑
k=1
bkL
−2k. (C1)
In the case of X˜ we also add a term cL−7/4, as sug-
gested by the correction-to-scaling analysis presented
in Sec. II B. Coefficients a0 and a1 are fixed by using
Eqs. (34), (35) and (36), while the others are obtained
by fitting the data.
First, we performed several fits, changing the orders of
the polynomials n and m, and considering the scale Λ as
a free parameter. We obtained almost perfect interpola-
tions by taking n = 5 and m = 3. We also observed that
the fits of X and Υ were providing very similar values for
the scale Λ. With the previous choices of n and m, we
obtained Λ ≈ 0.31 from the analysis of Υ and Λ ≈ 0.34
from the analysis of X . Similar values where obtained in
fits in which n and m were slightly changed. The con-
sistency of the two results confirms the adequacy of our
interpolating expressions. To obtain the final interpola-
tions we fixed Λ = 0.3 for both quantities, obtaining
Υ˜XY(L) = 0.6365081782+ 0.318899454w
−1 (C2)
+ 2.0319176w−2 − 40.492461w−3
+ 325.66533w−4 − 874.77113w−5
+ 8.43794L−2+ 79.1227L−4− 210.217L−6,
and
X˜XY(L) = 0.7506912222+ 0.21243137w
−1 (C3)
− 2.8971137w−2+ 76.328276w−3
− 642.23425w−4+ 1805.3274w−5
− 1.879629L−7/4− 15.00621L−2
− 196.205L−4+ 805.644L−6.
It is important to note that these expressions have the
only purpose of providing an accurate interpolation of the
numerical data, and are not meant to provide the correct
large-L asymptotic behavior. For instance, they should
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FIG. 12: (Color online) Plot of the errors on the curves (C2)
and (C3).
not be used to estimate the coefficient of the corrections
proportional to 1/ ln2 L ∼ w−2: a2 obtained in the fit
probably differs significantly from the correct large-L co-
efficient.
The uncertainty on the interpolation curves is related
to the errors on the available Monte Carlo data. It de-
pends on L and can be evaluated by using a bootstrap
method, which yields the curves shown in Fig. 12. Er-
rors are almost constant and very small up to L ≈ 103,
i.e., in the region in which we have data, then they in-
crease, reaching a maximum for L ≈ 108. Eventually,
they should decrease to zero as 1/(lnL)2, due to the fact
that the interpolations have the correct asymptotic be-
havior (34).
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